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Maximum Likelihood Estimation for a Smooth Gaussian Random Field Model*

Wanting Xu® and Michael L. Steinf

Abstract. Gaussian processes are commonly used for modeling the output of deterministic computer models.
We consider the behavior of maximum likelihood estimators (MLEs) of parameters of the commonly
used squared exponential covariance function when the computer model has some simple deter-
ministic form. We prove that for regularly spaced observations on the line, the MLE of the scale
parameter converges to zero if the computer model is a constant function and diverges to infinity
for linear functions. When observing successive derivatives of a pth order monomial at zero, we
find the asymptotic orders of the MLE of the scale parameter for all p > 0. For some commonly
used test functions, we compare the MLE with cross validation in a prediction problem and explore
the joint estimation of range and scale parameters. The correlation matrix is nearly numerically
singular even when the sample size is moderate. To overcome numerical difficulties, we perform
exact computation by making use of exact results for the correlation matrix and restricting ourselves
to parameter values and test functions that yield rational correlations and function values at the
observation locations. We also consider the common approach of including a nugget effect to deal
with the numerical difficulties, and explore its consequences on model fitting and prediction.
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1. Introduction. Computer experiments have been used extensively in investigating com-
plex scientific phenomena. The responses of many computer experiments are deterministic,
in the sense that rerunning the same code with the same inputs will give identical outputs.
Often, each run of the code is computationally expensive, so a common alternative to running
the code at all input values of interest is to run the code at some inputs and make cheaper
predictions at others. [25] and [26] propose to model the deterministic computer experiment
outputs as a realization of a Gaussian random field with covariance

d
_lru—yul?
(1.1) Cov (f(2), f(v)) :00H€ Ou
u=1
where z,, y, € [0,1], u =1,...,d, 6y > 0 is the scale parameter, and the 6, > 0 are range

parameters. The use of stochastic models provides a statistical basis for experimental design,
parameter estimation, interpolation, and uncertainty calibration.
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When v = 2, the Gaussian process with covariance function (1.1) is infinitely mean square
differentiable and thus is an attractive choice when the output surface is known to be smooth
[11, 21, 22, 27, 29]. This covariance function is sometimes called “Gaussian” because of
its functional form, but we prefer the name “squared exponential” to avoid confusion with a
Gaussian process. In fact, smooth test functions composed of elementary functions (e.g., poly-
nomials, trigonometric functions, and exponential functions) are often used as test cases for
studying the effectiveness of Gaussian processes in modeling computer experiments. However,
little is known about properties of maximum likelihood estimators (MLEs) when observations
are generated by these test functions. In this article, we are interested in the asymptotic;
properties of the MLE when more and more observations are taken on a fixed domain (fixed
domain asymptotics; see [28]) for the Gaussian process when the computer model is some
simple deterministic function. We aim to understand the implications of modeling smooth
deterministic functions using the squared exponential covariance function.

We consider a mean zero Gaussian random field with covariance function (1.1) and v = 2.
For d = 1, we prove some asymptotic properties of the MLE for the scale parameter 6
when the range parameter 6; is fixed and the computer experiment response is a pth order
monomial f(z) = zP. We consider two situations for the observations. In the first case,
observations z are taken on a regular grid on [0,1] so that z = (f(3), f(2),..., f(1))T. In
the second case, the observations are successive derivatives of the response function at zero,
namely, z = (£(0), f1(0),..., f®1(0))”. Automatic differentiation (AD) techniques [14]
can be used to obtain derivatives of computer model output and there are certain problems
for which higher order derivatives are needed [7, 13, 30]. Therefore considering what happens
when one observes successive derivatives at a single location may be of some practical interest.

The rest of the article is organized as follows. Section 2 deals with regularly spaced
observations on [0, 1]. The key finding is that the asymptotic order of the MLE Gy is n—1/2
when p = 0 and at least n'/2 when p = 1. In particular, éo — 0 when p = 0 and é() — 00 when
p = 1. Section 3 deals with the case where observations are derivatives at zero. An exact
expression for the inverse Cholesky factor for the correlation matrix is obtained. For all p > 0,
we prove that lim, .. n 1/2— pOO exists and is positive so that 00 — 0 for p = 0 and 00 — 00
for all p > 1. Section 4 demonstrates the theoretical findings in sections 2 and 3, and explores
numerically three commonly used two-dimensional test functions in the computer experiments
literature. For estimating the scale parameter 6y and the two range parameters 61 and 6», we
compare the maximum likelihood method with leave-one-out cross validation in a prediction
problem. We find that the likelihood method and cross validation perform differently for
different test functions in terms of magnitude and calibration of prediction errors. We also
explore the MLE of the range parameter for pth order monomials when treating both scale
and range parameters as unknown, and investigate its implications for practical test functions.
In the numerical experiments, to deal with numerical singularity of the correlation matrix,
we choose parameters such that the correlation matrix and observations are both rational,
and do symbolic computation with Mathematica [31] to obtain exact results. Since a common
approach to overcome the near singularity is to include a nugget effect, we investigate the effect
of adding a nugget on the likelihood and prediction. We found that the likelihood generally
decreases substantially with even a very small nugget, but prediction error can sometimes
decrease a bit at first as the nugget size increases. All proofs of the theoretical results are
presented in the appendix.
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2. Regularly spaced observations. In this section, we consider the observations as outputs
of the model function f(z) = P regularly spaced on [0, 1]. Fixing the range parameter 6;, we
prove that 6y — 0 when the model function is constant and 6y — oo when it is linear. Though
some intermediate steps apply to all p > 0, we are only able to derive the asymptotic order
and a lower bound on the asymptotic order for p = 0 and p = 1, respectively.

The observations are outputs of the model function f(z) = zP taken on a regular grid on

2

[0,1] so that z = ((%)p, (ﬁ)p ,...,1)T. The covariance matrix can be written as

(2.1) ¥ (6o, 61,n) = 6 R(61,n),
where the (7, j)th element of R(61,n) is
(2.2) R(61,n)ij = w(i—j)2’ w = e—1/01n?)

[19] gives the exact form of the inverse of the Cholesky factor for R(f;,n). Letting
R(01,n) = LL”, where L is the lower triangular Cholesky factor with positive diagonal ele-
ments, then

(—w)'™ [Ji':ﬂug

(2.3) (L1 = { TLii(1—w?k)1/2
0, i < j,

P27,

where [ TIZ ]q is the g-binomial coefficient defined by

[k} I A [ S BT St
my, 1-g)(1-¢*...(1—qm)

if 0 < m < k and 0 otherwise.
The log-likelihood function of 6 is

21(0p) = —nlog2m — nlog by — log |R(61,n)| — eizTR(Hl,n)_lz
0

and the MLE of 6 is

0o = lzTR(Hl,n)*lz.
n

With the form of L' in (2.3), the exact form of fy can be written as

é_lijﬁjﬂGMVjWHwﬂf
ConE e[S -e®)

i=1

For convenience we make the following notation for the rest of this article:

(i (= [

n2p HZ;11 (1 — w2k) ’

(2.4) ajp(w) ==

where p > 0 and 7 > 1. Note that éo = %E?:l aip(w) for w = e~ 1/(01n?)
By considering the limit of the summand of éo, we obtain the following proposition.
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Proposition 2.1. Denote

(Sic (cwy =[] 7).

lip := lim a;,(w) = lim ,
P noeo () n—o0 n? [T2h (1 — w?)
then
(i—1)167 .
T iopmin2y i —p odd,
(2.5) lp = { 2 ()
0, i —p even,
where w = e‘l/(91”2), p>0, and > p.
Proof. See section A.1. [ |
1
1 n nP~329P
Lemma 2.2. & >3 1y lip ~ Wpi%) as n — oo.
Proof. See section A.2. [ |

The previous results deal with the general case where p > 0. The following results con-
centrate on p = 0 and p = 1. We now derive the asymptotic order for 8y when p = 0 and a
lower bound on the asymptotic order for 6y when p = 1.

Theorem 2.3. Ifp =0, Oy ~ \/gﬁ as n — oo.
Proof. See section A.3. |
Theorem 2.4. If p=1,

i inf 0o S 01
iminf — .
n—oo \/ﬁ T3V

Proof. See section A.4. [ |

The difficulty of the proof lies in the fact that the dimension and elements of the correlation
matrix R(0;,n) change with n. In particular, we cannot simply apply an elementwise limit
theorem to 6y = zT R(f1,n)~'z/n. Proposition 2.1 proves the limits of a;,(w) for fixed i as
n — oo and Lemma 2.2 proves the asymptotic order of the average of those limits. However,
to derive the asymptotic order of 6y = LS | aip(w) we would need to have some results on
the uniform convergence of a;,(w) for 1 < i < n, which we have been unable to obtain.

We now state a conjecture about the asymptotic order of 6o for general p > 0. The case
for p = 0 is proved in Theorem 2.3 with C(0) = /2/m, and Theorem 2.4 is a weaker version
of the conjecture when p = 1.

Conjecture 2.5. For all p > 0, lim,, o n'/27P8y = C(p), where C(p) = 0% /v/272P(p+1/2).

It might also be of interest to consider functions that are continuous but have some form
of singularities. These functions are not smooth and hence not the main focus of our work.
However, we present one example here to illustrate what can happen.

Proposition 2.6. If
0, r<1/2,
fla) = /
glx —1/2), x> 1/2,
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for some continuous function g(x) satisfying g(0) = 0 and ¢ = limg;_0 % > 0 for some
p > 1, then
0
liminf -2 > 0
n—oo N
as n — o0o. In particular, éo — 00 as n — Q.
Proof. See section A.5. |

We recognize that fixing the range parameter as we have done here is rather artificial, but
the mathematical difficulties of analyzing even this problem are formidable and we believe
that the resulting asymptotic theory is interesting and informative despite its limitations.
As shown in [28, pp. 120-121], two nonidentical squared exponential covariance functions for
a Gaussian process on a finite interval correspond to orthogonal measures, suggesting that,
unlike the case for Matérn covariance functions [32], it might be possible to estimate both
the scale and range parameters consistently based on fixed domain asymptotics if in fact the
Gaussian process model is correct (see, for example, [1]). In the present setting when the
process is just a simple deterministic function, it is not at all clear what should happen, so we
investigate the properties of joint estimates of scale and range parameters through numerical
experiments in section 4.

We do not have an intuitive explanation for the quantitative aspects of our asymptotic
results, even for p = 0. Comparing this to two settings for which asymptotic calculations
can be easily done provides us with a clue to the qualitative behavior of éo as p increases.
If ¥ = 6ypl,,, where I, is the n x n identity matrix, and f is a continuous function on [0, 1],
then fy ~ fol f(x)?dx as n — oo, so 6y tends to a nonzero constant for any nontrivial f. For
the exponential covariance function (y = 1 and d = 1 in (1.1)), if f has a bounded second
derivative on [0, 1] then

1
29177,

1

(2. o~ - FOP + g5 [ {1(@)+ 001 (@)

as n — oo (see section A.G), so that nfy tends to a positive finite constant as n — oo
when f(x) = aP for any nonnegative integer p. These results are in stark contrast to what
we have proven and conjectured here for the squared exponential covariance function, that
nt/ 2*pé0 tends to a positive, finite constant. Thus, there must be something about the squared
exponential model that makes us think 6y, the variance of the process, is large when p is large.
A possible intuitive explanation for this result is that if we think the underlying function is
very smooth (which is the case when we use the squared exponential model) and we observe
that the function just happens to equal zP at n densely spaced points, then we will conclude
that this function must at least very nearly equal P over some broad interval, so that the
larger p is, the more we think the function varies over this broad interval and the larger we
think 6 is.

3. Derivatives at zero. We obtain the asymptotic order of 6y when the observations are
the first n — 1 derivatives at 0 for the response function f(z) = zP, p > 0. Denote z =
(£(0), f(0),..., f™=D(0))”, and the covariance matrix of the observations z as X (g, 81, n).

Now we introduce a notation that is frequently used in the rest of this section.
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Definition 3.1. For a positive integer m, define the double factorial of m as

2
ol — 21:/1 (2k) =m(m —2)...2, m even,
,(;Zrl)/Z(Zk —1)=m(m-2)...1, m odd,
and set 0!l = 1. This double factorial notation is commonly used in combinatorics [12]. Note

that m!! is the product of all positive integers no larger than and having the same parity as
m, which is different from the successive factorial (m!)!.

As before, f is modeled as a stationary Gaussian random field with covariance function
K(u) = 6pe=*"/%1. Then the (i, j)th element of (6, 61,n) can be computed as

oiti—2
>1(0g, 0 i = ek (@ -
1(6o,61,n) J Oxi—19yi—1 (2~ y) z=y=0
) d’iJrj*Z 9
_ /6,
- ( 1) 00 dutti—2 u=0
_itj-2 -
= 9091 2 (_1)2_ Hi+j—27
where
Hm _ 07 i m Odd,
(=2)2 (m — 1), m even,

is mth order Hermite polynomial at 0. The mth order Hermite polynomial is defined as

2 dm 2
H,(x) =(-1)"e" —e 7.
(r) = (-1 e
Defining R (61, n) so that £, (6g, 01,n) = Ry (61, n), the MLE of 0y is fy = 12TR1(61,n) 7 2.
The following proposition gives an exact form of the reverse Cholesky factorization [17] of
Ry(0y, n)_l.
Proposition 3.2. Let D(61,n) be the lower triangular matriz with positive diagonal elements
such that R1(01,n)~" = D(01,n)" D(61,n). Then for all 1 < i,5 < n, the (i,7)th element
D(601,n)i; = d;j, where

j—1
(3.1) dij = { 25 1)) if 1>7J, and 14 ] is even,
0 otherwise.
Proof. See section A.7. -

Note that d;; depends only on ¢ and j but not n. So the matrices D(61,n) are nested
as n increases. In fact, in this case Rj(61,n) is nested and, in general, the reverse Cholesky
factors of inverses of a sequence of nested matrices are nested (see section A.8). This feature
simplifies the proof of the asymptotic order of 0y for all p > 0 and is not shared by the setting
considered in section 2.
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Theorem 3.3. Suppose f(x) = 2P, p >0, then

o ~ np—%eff
V2r2pe(p + 1)
as n — oo.
Proof. See section A.9. n

AD can be used to obtain derivatives of functions coded as computer programs. AD
exploits the fact that function evaluation can be broken down into elementary operations
(e.g., addition, multiplication, exp(-)) and applies the chain rule. A comprehensive reference
for AD can be found in [14]. Although, in practice, only lower order derivatives are usually
found, there are efforts to obtain higher order Taylor coefficients in one direction for certain
problems [7, 13, 30].

For smooth functions, estimates based on multiple derivatives at zero should be closely
related to estimates based on observing more frequently on a fixed domain, since more ob-
servations enable the calculation of higher order finite differences that approximate deriva-
tives as the spacing gets small. More specifically, consider observing at k inputs zp =
(5HP,..., (%)p)T for some k < n. For this case, MLE fy(k) = %Zle aip(w), where a;,(w)
is defined in (2.4) and w = e /(1" ig the same as the MLE 0} (k) when observing the
first k finite differences zj, at zero, since these first k finite differences at zero are a linear
transformation of the first k observations, namely, z; = Cz;, for some C € RFEXE Tt follows

that (k) = LT (CRCT)_1 z, = 1z Rz, = 0o(k). Fixing k and letting n — oo gives

n
that finite differences converge to derivatives and éo(kz) — %Ele lip. The asymptotic order
of the limit %Zle lip as k — oo is given by Lemma 2.2 and is exactly the same as what is
obtained in Theorem 3.3, which is the asymptotic order of the MLE when observations are
derivatives at zero. However, this heuristic argument does not directly imply 0o has the same
asymptotics for the two situations of observations. In particular, taking k& — oo at the same
time as n — oo is a different and harder problem.

4. Numerical results. In this section, first we illustrate our theoretical findings in sections
2 and 3 numerically. Then we compare MLEs with leave-one-out cross validation (CV) in a
prediction problem for two commonly used test functions. We also show that for the Branin
function, the MLE for the range parameter along one coordinate does not appear to exist. The
parameters in the numerical experiments are chosen to make both the correlation matrix and
the observations rational so that the matrix calculations can be done exactly with symbolic
computations. A common approach to overcome the near singularity of the correlation matrix
is to include a small nugget effect in the hope of improving conditioning at the same time
introducing minimal modification to the matrix. We also investigate the effect of this approach
on the likelihood and prediction.

4.1. Asymptotic behavior of the MLE for the scale parameter. As in sections 2 and 3,

we consider the test function as a pth order monomial f(x) = zP and two situations for the
1 2

observations. In the first case, the observations z = (f(1), f(2),..., f(1))" are taken on areg-

ular grid on [0, 1] and, in the second case, the observations 2’ = (£(0), f(V(0),..., f*=D()T
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Figure 2. 6) whenn = 2%, k = 3,...,9, for
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are the first n — 1 derivatives of the test function at zero. Denote the MLE of the scale pa-
rameter for the two situations of observations as y and c%, respectively. We consider n = 2%,
k= 3,...,9, and the range parameter 6; ~ 0.95 is chosen to make the correlation matrix
rational for all choices of n so that exact computations can be done. Note that exact com-
putation is needed here to prevent numerical overflow even if the exact form of the Cholesky
factor (2.3) is used.

Theorems 2.3 and 2.4 state that

lim fyn'/>7P = V2/m, p=0, lim inf Ggn'/2~? > 01/3V2r, p=1.
n— o0 n—oo

Conjecture 2.5 in section 2 states that fyn'/27? converges to some limit C(p) as n — oo for
all p > 0. Figure 1 shows éo for increasing n when p = 0, 1,2, 3 in log scale. Theorem 2.3 and
Conjecture 2.5 imply that (logn,log éo) will be close to the reference line y = (p — 1/2)x +
log C(p) for n large. The numerical results show clear agreement with the theoretical results
in Theorem 2.3 and Conjecture 2.5. When observations are the first n — 1 derivatives at zero,
Theorem 3.3 states that

. Ao 1/2—
lim Gyn' 277 = 07/Vor2(p +1/2) = C(p),  p=0.
Figure 2 shows éf) for increasing n when p = 0,1,2, 3 in log scale with the same reference lines
as those in Figure 1. For all four cases shown here, the agreement between the numerical and
asymptotic results is good, even for n = 8.

4.2. Comparing the MLE and CV in a prediction problem. We consider the first two
functions on a 23 x 23 regular grid on [0, 1] x [0,1] and let 6 = 1/23 be the spacing between
neighboring points. The observations are taken on a 12x 12 regular subgrid, and the remaining
385 points are predictands. An illustration of the setup is shown in Figure 3. Observations
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are taken at every other location along each dimension to facilitate the use of the inverse
Cholesky factor (2.3), so that exact computations can be done with rational correlations. The
first test function we experiment with is a mixture of Gaussians [10, 15],

(4.1) flx1,22) = 016_51((“/5_“1)2““/6_“2)2) + 028—82((w1/5—ﬁ1)2+(x2/6—ﬁ2)2).

We choose e~ = 399/400 and e~ %2 = 99/100 to be rationals and pu1 = s = 8, 1 = g = 17
to be integers so that all the observations are rational. We set ¢; = 1 and ¢y = —1/2 so that
the function consists of a peak and a small dip. The second function we consider is a product
of trigonometric and exponential functions [8],

(4.2) f(z1,x2) = cos (c1x1 + coxg)e 012,

We choose ¢; = ¢o such that cos(c10) = cos(c2d) = 24/25. With this choice, sin (¢1d) =
sin (c2d) = 7/25 and cos (c1z1 + caw2) is rational for all grid points (x1,z2) by trigonometric
identities. ¢g is chosen to satisfy ec0d” = 500/499 and with this choice ¢y ~ 1.06, which
approximates cp = 1 used in [8]. Both the mixture of Gaussians (4.1) and trig-exponential
function (4.2) are symmetric about the diagonal. The third test function we consider is the
Branin function [6, 23] on a 27 x 27 regular grid on [—5, 10] x [0, 15],

(4.3) f(z1,29) = e(zo — foi + gy — )% + s(1 — t) cos (cox1) + .

The spacing between neighboring points is d, = 5/9. We choose parameters ase = 1, f = 5/36,
g=>5/3,r=6,s=10,t = 1/24, and cos(codp) = 4/5. The observations are taken on the
14 x 14 regular subgrid. The different setting of the grid for the Branin function is to make the
observations rational at all grid points. The three test functions with the aforementioned pa-
rameters are shown in Figure 4. The parameters for the three test functions are rounded from
the commonly used values to ensure rationality. For example, the recommended parameter
values for the Branin function that are different from our choices are f = 5.1/47%, g = 5/x,
t=1/8x[9, 23].

1 0X0OXOX0OXOX0OXOX0OXOX0OXOXO mixture of Gaussians
XXXXXXXXXXXXXXXXXXXXXXX /
OXOX0OX0XOXOX0OXOX0XO0X0XO0
XXXXXXXXXXXXXXXXXXXXXXX
OXOX0OX0XOXOX0OXOXO0XO0X0XO0
XXXXXXXXXXXXXXXXXXXXXXX
OXOX0OXOXOXOX0OXOXOX0X0XO0
XXXXXXXXXXXXXXXXXXXXXXX
OXOX0OXOXOXOX0OXOXOXO0X0XO0
XXXXXXXXXXXXXXXXXXXXXXX
OXOX0OX0XOXOX0OXOX0XO0X0XO0
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OXOX0OX0XOXOX0OXOXO0XO0X0XO0
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OXOX0OX0XOXOX0OXOXO0XO0X0XO0
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OXOX0OX0OXOXOX0OXOXOXO0X0XO0
XXXXXXXXXXXXXXXXXXXXXXX
OXOX0OXOXOXOX0OXOXO0X0X0XO0
XXXXXXXXXXXXXXXXXXXXXXX
OXOX0OX0XOXOX0OX0OX0XO0X0XO0

1| XXXXXXXXXXXXXXXXXXXXXXX

OXOX0X0XOXOX0OX0OX0XO0X0XO0

1

— 1
23

o Observation x Predictand

Figure 4. Surface for test functions (4.1), (4.2),

Figure 3. Locations of observations and predic-
and (4.3).

tands.
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4.2.1. Exact computation results. We compare the MLE and CV for a mixture of Gaus-
sians (4.1) and for the trig-exponential function (4.2) in predicting at the 385 points not used
to fit the model. Denote the observations as z and the log-likelihood function as £(6g, 61, 62).
The profile log-likelihood function of (61, 6s) is defined as

161, 02) = £ (00(01,02),01,05 ) .

where 0y(61,02) = argmaxy, L(6o, 01, 02). The profile log-likelihood function satisfies

2, (01, 02) = —nlog 21 — nlog By — log |R(01,m) @ R(0z,m)|

(4.4) _ AizT (R(01,m) @ R(03,m)) " z,
to

where n = m?, m = 12, R is as defined in (2.2), and the MLE for the scale parameter is
~ 1 _
(4.5) 00(01,02) = HzT (R(61,m) @ R(B2,m)) " =.

Leave-one-out CV error is

n

(4.6) Pn(01,62) = Z (2 — 2-4(61,62))°,

=1

where Z_;(01,02) is the best linear predictor (BLP) of z; given 2z, 1 < j < 'm and j # i under
the Gaussian process model. The functions [,, and p,, are, respectively, maximized and mini-
mized to obtain estimates of (61,62). Though both ,, and p,, are continuous functions, only
certain values of (61,603) correspond to rational correlations. We search over grids consisting
of values that allow exact computation to optimize the corresponding functions.

We perform symbolic computations because the correlation matrix is very nearly singular.
For example, if we take the set of observations as in Figure 3 with 6; = 65 chosen so that the
correlation between neighboring points is 0.99, when doing double precision computations, the
resulting correlation matrix is found to be not positive definite, nor is its inverse even when
using the exact formula for the inverse [19].

Since the correlations between neighboring grid points w; = e=/%1 and wy = e=°/%2 are
uniquely identifiable with #; and 65, we carry out the optimization in terms of (w1, w2). Denote
by C(w1,ws) the function to be optimized, either exp (,,) or p,. Throughout the optimization
algorithm, we only consider rational w; and w2 to allow exact computations. Successive grids
with shrinking sizes are defined on [0, 1] x [0, 1] over which C'(w;,ws2) is optimized. Once an
optimizer (w7}, ws3) is found in the interior of a grid, we compare the log ratio of function values
of the current iterate and the previous iterate with a convergence tolerance. Moreover, we
define the 3 x 3 subgrid with (w7}, w3) at the center as S(w}, w3), and compare the log ratio
of maximal and minimal function values over S(wj, w3) with the convergence tolerance. This
comparison is done to help ensure the grid points are taken densely enough in a neighborhood
of (w,w3) so that a local optimum is obtained. We iterate until convergence. Details are
provided in Algorithm 1.
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Algorithm 1. Grid search.

Require: Convergence tolerance ¢.
1: Initialize grid I = I3 = 0.01, r1 = 79 = 0.99.
2: Define my x my regular grid G = {wi,...,wp, } x {w},..., w2, } C [l1,r1] x [l2, ).

3: Obtain optimizer (w},w}) € G and corresponding function value C®(w¥,w}) of ith
iteration.
4: (Test for convergence)

i max {c( (w1, w2),(w1,w wy,wh .
5. if ‘log (%)‘ <e, )log< (e (wywa), (wi,wp) €5(w], 2)})‘ < g, and (wi,w}) € int(Q)

min {c( (w1,w2),(w1,w2) €S (w},wh)}

then
6: Return with (w7}, w3)
7: else
8: (Update searching grid)
9: for k=1,2 do
10: if wy = wfnk then (optimized at right boundary)
11: drip <1 — w,’%k
k k
12: dly + —m!
13: else if w; = w} then (optimized at left boundary)
14: dr < e
: A P
15: dly, + ’U)’f
16: else (optimized in interior)
wh, —wh
17: dry, kmkflk
18: dly + ——p!
19: end if
20: I <+ w,’; — dly,
21: TE w,"; + dr
22: end for
23: 11+ 1
24: Repeat steps 2 - 5.
25: end if

We take ¢ = 1077 in all experiments. The initial grid search in step 1 of Algorithm 1
led to (0.99,0.99) as the optimizer in step 3 for both functions considered here. To check for
multiple optima, we also started the algorithm with different initial grids. In addition, we
search over smaller and denser grids inside (0.01,0.99) x (0.01,0.99) and see if an optimum
could be obtained in the interior. For neither method did we find evidence for multiple local
optima up to symmetry, in the sense that (w],w3) generates the same CV error as (w3, wy)
because of the symmetry in the observations and functions. When choosing the minimizer of
the CV error for a grid in step 3 of Algorithm 1, we select (w7}, w3) with the convention that
wi < ws.
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Table 1
Estimates of parameters (first row), standard deviations (sd) of standardized prediction errors (second row),
and root mean squared prediction errors (last row) for mizture of Gaussians (4.1).

MLE cv
(0o, 61, 02) (0.024,0.39,0.39)  (3.29,0.19,0.66)
Pi—Pi
d \/WE(p)) 1.56 9.42
\/n% S (pi — pi)? 3.90 x 1078 3.99 x 10°7
Table 2

Estimates of parameters (first row), sd of standardized prediction errors (second row), and root mean
squared prediction errors (last row) for trig-exponential function (4.2).

MLE cv
(60, 01,02) (1611.13,0.42,0.42)  (1.09 x 10'%,1.87,1.87)
Sd(\/]fh%sigm) 0.17 7.12 x 1073
\/i 2t (P — pi)? 7.94 x 1077 4.75 x 1077

Denote the true predictand value as p € R™ with ny = 385, and covariance matrices as
Y., = Cov(z, 2T), ¥,, = Cov(p,p’) and ¥, = Cov(z,pT). The predictions p are obtained
using the empirical BLP (EBLP) and calibrated with empirical mean squared error (EMSE).
EBLP is BLP with 6 replaced by its estimate 0 and is given by

(4.7) p=2L0)20)z,

and EMSE is the mean squared error (MSE) with 6 replaced by its estimate 6 and is given by

For CV, we estimate the scale parameter 0o by Oy(61,62) using (4.5) as suggested by [20],
where (01, 02) are CV estimates for the range parameters. For the two functions, Tables 1 and
2 show the estimates, the standard deviations of standardized prediction errors, and the root
MSEs/(RMSEs).

Note that the CV estimates of the two range parameters for the mixture of Gaussians
are not equal. Switching the two range parameter estimates (namely, (0.66,0.19)) generates
the same CV error, and if we were to employ the convention that wj > wj in step 3 of
Algorithm 1, we would end up with the CV estimates for this case being (0.66,0.19). We
find the unequal estimated range parameters somewhat surprising, so we did a further careful
search along the diagonal w; = w9 and could not find any points on this diagonal with smaller
CV error than that produced by (0.19,0.66). We also experimented with estimating the
mean of the Gaussian process. For the mixture of Gaussians, the MLEs are (éo,éb ég, ) =
(0.018,0.38,0.38,0.20) when treating the mean as unknown and is estimated. The standard
deviation of the standardized prediction errors and the root mean squared error of predictions
are 0.94 and 2.15 x 1078, respectively, which are roughly similar to the results in Table 1 when
fixing the mean at 0.
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We now consider how the MLE and CV estimates of the parameters perform when used
for prediction. One of the important features of Gaussian processes is that they provide
uncertainty estimates for the predictions, so we will look at both the quality of the point
predictions and whether the standardized prediction errors (i.e., the errors divided by their
estimated standard deviations) have standard deviation close to 1. If the Gaussian process
model under consideration were correct, we should expect the MLE to do better than CV,
but since the deterministic functions we consider are obviously not realizations of a Gaussian
process, it is unclear which method will perform better. In terms of root mean squared
error, MLE is much better (by an order of magnitude; see Table 1) than CV for the mixture
of Gaussians and is moderately worse (67% larger; see Table 2) for trig-exponential. For
the mixture of Gaussians, the standardized prediction errors under MLE are reasonably well
calibrated with a standard deviation of 1.56, whereas for CV, their standard deviation is 9.42,
so that CV badly underestimates the variability of the prediction errors. For trig-exponential,
both the MLE and CV seriously overestimate the variability of the prediction errors, but CV
much more so (Table 2).

Figure 5 shows histograms of the standardized prediction errors for both functions and
both estimates. Ideally, we might hope these histograms will approximate a standard normal
distribution, but even if the truth were a Gaussian process, we should not be surprised to see
something that does not look approximately normal because of possible strong dependencies
between prediction errors at different locations. We see that in all four cases, the standardized
prediction errors follow a vaguely symmetric distribution about 0. The most noteworthy
feature in these plots occurs for the mixture of Gaussians based on CV, which was the case
where the estimated range parameters were not equal. In this plot, we see that the standard
deviation of the standardized prediction errors is much larger than 1 for predictands in odd
columns (sd=16.10) and much smaller than 1 for predictands in even columns (sd=0.15). The
tensor product form of the squared exponential covariance function implies that the EBLP
of a predictand in an odd column only depends on observations in that column (see section
A.10), so that the form of the EBLP is entirely determined by the range parameter along
columns. Similarly, the EBLP in an odd row is only a function of observations in that row,
whereas EBLPs in an even row and even column depend on all of the observations. Note
that the estimated range parameter is large along the columns, so the fitted model thinks
observations are much more strongly correlated in this direction. Since the EBLPs within odd
columns only depend on within column correlations, it is then perhaps not surprising that
the model is overoptimistic about the quality of interpolations in the direction with strong
estimated correlations.

Figure 6 shows the (unstandardized) prediction RMSE averaged over each row and column
of the large grid. For each function, we focus on the method yielding smaller prediction error.
Since the estimates of the two range parameters are equal for both of these cases and the
observations and function are symmetric about the diagonal, the prediction errors are also
symmetric. Hence, averaging over rows and columns gives identical results, so we only present
the root mean squared error averaged over the rows. Figures 7 and 8 show the prediction
errors p; — p; at the corresponding locations for the two functions. Note that the magnitudes
of the errors are only comparable for each function; they are not normalized across functions.
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Figure 5. From left to right: histograms of standardized prediction errors generated by the MLE for the
mizture of Gaussians, CV for the mizture of Gaussians, MLE for trig-exponential function, and CV for trig-
exponential function. The standardized prediction errors generated by CV for the mizture of Gaussians are
grouped into those in odd and even numbered columns. The histograms for the two groups are stacked.

Figures 6-8 show that, for both test functions, the prediction errors are largest for the
predictions on the second and second to last rows and columns (i.e., rows and columns 2 and
22 out of 23). We should generally expect prediction errors to be larger near a border of an
observation domain than in the interior, but it is interesting to note that, at least for these
functions, the errors tend to be larger, for example, in row 2 than row 1, even when comparing
a predictand in row 2 and and an odd column to one in row 1 and an even column, so that
the distance from the predictand to the nearest observation equals 2—13 in both cases.

Next, we show numerically that the MLE for the Branin function (4.3) does not appear
to exist. First of all, let us consider the estimation of the range parameter when f(z) = zP
with p > 1. The profile log-likelihood L,,(6;) satisfying

2L, (61) = —nlog(fo(61)) — log |R(61,n)| — nlog 2 — n

is maximized to obtain MLE él.

Our empirical evidence suggests that for each p and n*(p) = 2p+1, when n > n*(p), L, (1)
monotonically increases for 6; € (0,00) so that the MLE for §; does not exist. Moreover,
L, (61) is bounded when n = n*(p) and increases to co when n > n*(p). As noted in [18], this
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f(z) =2, n"(p) =2p+1, and p=1,2,5,10. timated scale parameter 0o for Branin function (4.3).

finding also appears to be documented in a thesis [16]. Figure 9 shows that at the critical
value n*(p), 2Ly+(,)(01) monotonically increases with a finite asymptote for some choices of
p. Since the Branin function is a quadratic polynomial along its second dimension, we expect
that the MLE for the second range parameter 05 does not exist. In fact, Figure 10 shows that
for different choices of 0, the profile log-likelihood (4.4) increases for increasing 2. Also, the
estimated scale parameter appears to be unbounded above as 0y increases.

4.2.2. Experiments with nugget effect. A common approach to overcome the numerical
difficulties in computing with the covariance function (1.1) is to include a small nugget effect
to stabilize the computation of the covariance matrix inversion [3, 24]. In the following, we
add a small nugget effect dg so that the covariance matrix of the observations has the form

(4.8) 00{ R(61,m) @ R(02,m) + 6012},

where m = 12 is the number of observations along each dimension. In the above formulation,
we treat the nugget size dy fixed when fitting the model. For the two test functions (4.1) and
(4.2), we investigate the effect of including a nugget on model fitting and prediction.
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Figure 11. Log-likelihoods and root mean Figure 12. Successive conditional standardized
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With the alternative model (4.8), we evaluate the log-likelihood and prediction errors of
the MLE (él, éQ) obtained with exact computations in section 4.2.1 for 11 values of §y equally
spaced on the log scale between 107 and 10712, The value 14 is the largest integer k for
which a nugget of 107% generally yields a covariance matrix that is found to be numerically
nonsingular by the Cholesky Decomposition routine of Mathematica. For each dp, the scale
parameter 6 is refitted with the model (4.8) but the range parameters are not changed. Figure
11 shows the log-likelihood and RMSEs of (41, 65) for the model (4.8).

For both test functions, the likelihood is substantially reduced when including even a
nugget of 10~ and decreases for increasing nugget size. To help see why the log-likelihood
changes so much, note that log-likelihood can also be obtained with the conditional distribu-
tions of successive ordered observations so that

= 1 a l*E ) 3y AT— 2
1(0|z) = —glog (2m) — Zlog (sd(zilz1, .-y 2zim1)) — 5 Z <Z (221 z 1)> ’
i=1

i—1 Sd(ZZ'|Zl, s 7Zi—1)

where sd(z;|z1, . .., zi—1) denotes conditional standard deviation and F(z;|z1, ..., z;—1) denotes
conditional mean. The log-likelihood can hence be expressed by conditional standardized
errors and conditional standard deviations. We order the observations lexicographically so
that f(%,%) precedes f(%,%) if and only if ¢4 < j; or whenever iy = ji1, is < jo. The
top panels of Figure 12 show, for each observation, the standardized errors and standard
deviations conditional on previous observations. For each test function, we compare the case
with dp = 0 and the case with the nugget size 65 > 0 yielding the smallest prediction error

among the 11 positive values for g we considered, which for the mixture of Gaussians, is
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oy = 10796/5 ~ 6.3 x 10~ and for the trig-exponential function, is 0 = 10~*. For both
test functions, the conditional standardized errors are similarly calibrated for 69 = 0 and
0o = 05. However, some of the conditional standard deviations are much smaller when there
is no nugget. Successive predictions of the ordered observations are more accurate at some
locations when the model does not have a nugget.

For the trig-exponential function, Figure 11 shows root mean squared prediction error
increases for increasing nugget size. However, better successive predictions at the test obser-
vations does not necessarily imply better predictions at other locations: we do see that for
the mixture of Gaussians, the prediction error is slightly smaller for 6o = 10~'* compared
with the nugget-free case and further decreases as Jy increases before eventually increasing.
The bottom panels of Figure 12 show the absolute prediction errors for each predictand when
0o = 0 and dp = d;. For the mixture of Gaussians, there is no obvious dominance for either
do = 0 and dp = &;. In contrast, for the trig-exponential function, it is evident that the
nugget-free model predicts better at most locations, perhaps especially for locations with the
largest error, which tend to be near the boundaries of the observation region.

5. Conclusions. Since the approach was proposed by [25, 26], it has become quite com-
mon practice to model the deterministic output of a computer experiment as a realization of
a Gaussian process. The Gaussian process with squared exponential covariance function is
infinitely differentiable and thus is attractive if the computer model output is known to be
smooth. In this article, we investigated the asymptotics for the MLE of the scale parameter
for this covariance when the computer response is a pth order monomial. Using exact com-
putation, we investigated and compared the MLE and CV estimates in a prediction problem.

Using the exact expression for the Cholesky factor and its inverse of the correlation matrix
derived in [19], we proved that for regularly spaced observations, when the test function is a
pth order monomial and the range parameter is fixed, the MLE of the scale parameter 8y — 0
when p = 0 and éo — oo when p = 1 as the number of observations n — oco. When the
observations are derivatives of the model function at zero, we derived the exact expression of
the inverse Cholesky factor of the correlation matrix and proved asymptotic orders of 6y for
all p > 0. We are unable to prove an asymptotic order for general p > 1 for regularly spaced
observations. However, we conjecture that the asymptotic order is the same as that of the
derivative case with a possibly different constant.

Though both MLE and CV are used in the computer experiment literature, it is not
clear under what circumstances each method will yield smaller prediction errors with more
calibrated standardized errors. When a model is misspecified, CV can sometimes be a good
way of choosing parameters for prediction, since the CV criterion is based on prediction. For
deterministic computer experiments, we know that, in fact, the outputs are not realizations
of some Gaussian process model. Nevertheless, our experiments show that CV does not al-
ways improve upon the likelihood method. For example, CV estimates produce much larger
prediction errors and poorer calibration for the mixture of Gaussians and modestly better pre-
dictions but far worse calibration for the trig-exponential function. This finding is consistent
with the findings in [4] which shows CV appears to be less robust than the MLE to model
misspecification under regular grid design.
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These numerical experiments used exact arithmetic, which will not generally be possible.
Adding a small nugget is a common approach to alleviate the numerical instabilities in de-
composing nearly singular covariance matrices. Our experiments suggest model fitting (as
measured by the likelihood) deteriorates substantially by adding even a nugget that barely
makes the covariance matrix numerically positive definite, whereas prediction can sometimes
be slightly improved by adding a small nugget. Another interesting finding of our work is
that, for the Branin test function, the MLEs do not appear to exist. This result can be
viewed as an implication of the numerical finding that when the model function is a pth order
monomial, the MLE of the range parameter does not exist when the number of observations
exceeds a critical value (see also [16, 18]). For test functions that are a polynomial in one
of its dimensions, the use of the likelihood method is not expected to produce meaningful
estimates and inference. Though our results regarding the estimation of range parameters is
empirical and based on limited numerical experiments, we believe that the examples shown
give an indication of possible issues and consequences when using simple smooth test functions
to study how well Gaussian process models work for deterministic computer models. Whether
similar results might hold for, say, the numerical solution of a complex system of differential
equations deserves further study.

Appendix A. Proofs of statements in sections 2—4. In order to prove Proposition 2.1,
Lemma 2.2, Theorems 2.3 and 2.4, we need the following lemmas.

Lemma A.l. For0<r<mandi>1,

(@) [V, =[],

) [, =a [, + ], =, ™ S,

(c) limga [m]q = (1)

(d) iy (—w) P[], =6 (L + (—w)b).
We refer the readers to [2] for the proof of Lemma A.1.

Lemma A2, Ifan ~ by, ap >0, and Y ;> | a, = oo, then 25:1 Gy ~ Zivzl b, as N = oo.

Proof. We carry out a standard € — N proof.
Since a,, ~ by, for any € > 0, there exists Ny(e) > 0 such that for any n > Ny(e),

lan, — byp| < ean/2;

then for any N > Ny(e),

N
(A1) > an —b\<f Z .
n=Ny(e) n=No(e)

Since Y2 | a, = 00, there exists Ni(g) > Ny(e) such that for any N > Ny (e),

No(e)
(A.2) > lan — byl Z an
n=1

nNo
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As a result, for any N > Ny(e) > Ny(e),

N No(e)—1
2n=1(4n bn)‘ < Zni(ls) |an — bn| + ZnN:No(a) |an — byl

pS < S4i= g,
Zfzvzl Qn Zfzvao(a) an, 2 2
where the second inequality follows from (A.2) and (A.1). [ ]
Lemma A.3. 35 (—w) I [i7]] 57 = STy (—w) T [T]] 5P = Aip(w) + Bp(w),
where
Gt o Ti—92
Anta) = (o) ST -1
Bylw) =30 L] -G
i=1 w?
forp>0andi—1>p.
Proof.
‘ i—1 A i—2
)it T P A e e P
>-w e > Tl
oy @ — (-4 3w ([ = [ 2w
N P k|2 k—1
1—2 9 1
— @ = - e (7] e [ )
k=1 w? w?
_ i—1 = k i —2 kP = i—k—1 i—1 k P _ P
S SO DO U RS e il BN (VY
k=1 w k=0 w
1;—11'71 i—1—j|t— 2 . . : i—jlt—1 . ,
S D e M INCE B S W il M IR Ry
=1 w? j=1 w?

where the second equality is obtained using Lemma A.1(b), and the fourth equality is obtained
by a change of variable j =i — 1 — k for A;,(w) and j = k + 1 for Bj,(w). [ |
The following lemma gives a factorization of E;Zl(—w)i*j B:ﬂ 2 jP that enables simpli-

fication of 6.

Lemma A.4.
Nooim1] [ w) T (), i~ p odd,
Z(_w) . J = i=p .
j=1 J= e (1 —w) 2 gip(w)7 L — P even
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for any w € (0,1), where, for p > 0 and i > p, fip(w) is a polynomial, fi,(1) = (i;p,l')!,

gip(w) is a polynomial, and g;p(1) = ;!((fi,l))'.
2!

. .. i i iri—1
Proof. We denote for simplicity mg,(w) = 375 (—w)"™ []7’.71
induction on (i,p) where p > 0 and ¢ > p. Specifically, we prove the following three steps of
which the first two serve as an induction basis:
(a) The statement holds for any p = 0 and i > 0.

With Lemma A.1(d), we have

() = 3 () [ i} 1] 11 (1+ (~w)t) = {El - “’i folw). i odd

. _ 1 -
j=1 J w? k=1

] ,JP. Here we make an
w

where fio(w) and g;o(w) are polynomials and

fio(l) = 2%(2 _ 2)” _ (Z '— 1)!

Ve
3
‘ \
L
N—

»
~.

i—

gio(l) =272

(i — 1) =

2(3)"

(b) The statement holds for any i = p+ 1 and p > 1.
When i = p+1, i — p is odd and my1p(w) is a polynomial by definition. Then by
Lemma A.1(c),

i=1 j=1
= o0t (§) oy
k=0
— (11
= pl.

(¢) Suppose the statement holds for any (i/,p’) such that (0 < p’ < p and ¢ > p')
or (p/ =p and p’ < i’ < i), then the statement also holds for (7, p).
Define the following polynomials in w:

i) = () S0 = 04 (2 (= 05 o pr(0 L

k—4
+ (1 - w) 2 fi—l,p—k(w)l(k even)) )

p—k—2

p—2
Tip(w) = Z(—l)p_k+1 (p) ((1 - w)p_Qi_Bfik(w)l(i—k odd) T (1 —w) 2 gip(w)1liyp even)> :
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wip(w) = (—w) Y1 DR (V) (0= w) it k(@)1 0aa)
k

k=2
+ (1 - U)) 2 gi—l,p—kl(k even)) )

p—1

) = 17 (1) (1= 02 )iy + (0= 000 L )

Aip(w

k=0
When i — p is even, letting A;p(w) and Bj,(w) be defined as in Lemma A.3 and from
binomial expansion we have

" IZ ) J[j_ﬂ (i—1—jp
o[ 7,
X <(—1)pjp (=1 p(i — 1)jP 4 (—1)P2( — 1)2 (2;)].;72

P @w)

=3
< DPmi—1p(w) + (=1)Pp(i = D)mi—1 p—1 (w)

e 1)2(§>mm,p2<w))
p

i—1—p+k
X ((1 - w) 2 Gi—1,p— k(w)l(iqutkfl even)
+k 2

+(1 - w) fictp—k(W) i pir odd))
= (—w)"! <(_1)p(1 —w)E '_1,p(w) + (=1)P i = 1)(1 - w)i_Tpgi—l,p—l(w))

e (o2 12 (5) 0 ) F froagea))
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oS (o
i

k—4
2 Gi—1,p— k(w)l(k odd) + (1 - w)Tfi—l p—k(w)l(k even))

(<

= () (11 =) T o) (—1)7 = 1)1 = ) P gy pa ()
T (cwy! ((—1)1’—%' 1y <p> (- w)iffil,pz(w)> (1 w) T (),

P
and
Byw) =S (- | T G-
= L e
_ : —w if'—i_l_ = P\ .k, (pk+1)>
2t (;)@J( 1
= i fwi—'-i_l 1 k+1)
;( )]j_1w<pjp +Z() )P )

p—2
= pmip1(w) +Y_(=1)@PFY <k>mik(w)
k=0
= p(l - ) fi,p—l(w)
p_2 i—k—1 i—k
+ Z:(—l)p%+1 Z) ((1 —w) 2 fir(W)Lig oaay + (1 —w) 7 gap(w)l_g even))
k=0
= p(1 = w)'F fip1 (w)
p_2 3 k—3
+ ) (1R Z) (1—w)=""! ((1 - w)p%fik(w)l(i—k 0dd)

k=0

p—k—2
2

+ (1 - w) glk<w)1(lfk even)>

=p(1 = w) = fipa1(w) + (1 —w) 7 rip(w).
Then by Lemma A.3, we have

mip( ) =m;_ lp(w)+Azp( )+Bip(w)

= (1= )5 fiap(w) —w (1= w) T iy (w)
+ i p(i — 1)1 - w) 7T gimgpor(w)

— w (i = 1)? @ (1= w)7" fimrpma(w) +p(1 = w) 7" fip1 (w)

+ (1= w) T P hyp(w) + (1 — w) 2 g (w)
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=007 (Feaalw) () 0l = D0 )

- (g) (i —1)*w' " fis1p-2(w) + pfip-1(w)

+ (1 —w)hip(w) + (1 — w)rip(w)>.

Let
1— wi—l . :
) = fit ) (1) i = D1 a0

~ (5) 6= 0P i) 4 a0
+ (1 = w)hip(w) + (1 — w)rip(w)
which is a polynomial by the induction hypothesis, and

(i —2)!

1) = (i — o= P\ =20 1)
9ul) = =Wy otV = (0) 0 o iy
_@=Di—p pPi—-1) plp-1)3E-1)
<—><+p+ )
_illp+1)
2(552)

When ¢ — p is odd, similarly by binomial expansion and the induction hypothesis, we
have

Aiplw) = (=w)' ™ ((17(1 = 0) T i p(w) + (<1 7pl = D1 =) 75 figpa(w))

+(—w) ™ty ()P - ) <Z> mi—1p—k(w)

k=2

= ((1 - w)%fi—l,p—k(w)l(k odd) + (1 - w)%gi—l,p—kl(k even))
= (=) (=171 = w) T g p(w) + (1Pl = (1= 0) T i (w))

i—p+1

+(1—w) 2 up(w),

and
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imptl ke ke
x(1—w) 2 ((1 — w)P 72 i (W) L oaay + (1 — w)PF g (w) 1y Cvcn))

=(1—-w) =5 vip(w).

Then similarly by Lemma A.3, we have

Mip(w) = mi—1p(w) + Aip(w) + Bip(w)
= (1-w) "5 (gimap(w) + 0 g p(w) — pli = Dw' ™ fimypor (w))

i—p—1

+ (1 —w) > (1 = wup(w) + (1 = w)vip(w)).

Let

fip(w) = gi1p(w) + w gim1p(w) = pi = D' fisy po1(w)
+ (1 — w)uip(w) + (1 — w)vip(w)

which is a polynomial, and

LD+ (= 2)!
fzp( )= 2(1 g_l)! p( )(1_2_1)!
(i —1)! -
(Y

Lemma A.5. aijo(w) monotonically decreases for w € (0,1) and any i > 1.
Proof. With Lemma A.1(d), we have

aio(w) = 3 (1— ka)
B = w)k
kI;[1 1 w
For k > 1, let
(43) fulw) = Yot w )

(1+ wk)(1 — wktt)’

then fi(w) = <1+wk — ) - wk+1 —1) and

, —2kwk ! k + Dw
fr(w) (14 wk)2 \1— k+1 B wk+1 1+wk
1

2wk 1(k: 242 (4 1w 4 (k4 Dw — k:)

(1 + wk)2(1 — whkt1)2
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For gi(w) = kw?**% — (k + 1)w**1 + (k + 1)w — k, we know gx(1) = 0 and
ge(w) = (k+ 1)1 —w)1 +w+ -4+ w1t = 2kw?*) > 0

for w € (0,1). As a result, gx(w) < 0 for w € (0,1) and hence fi(w) monotonically decreases
n (0,1). Because

Hk 1f2k 1(w), 1 odd,
aZO(w) - 1 i—1 .
Hk 1 J2k— 1(w) 1+$1 T, 1 even,
aio(w) is monotonically decreasing over (0, 1). -

1
Lemma A.6. Denote w} := e 2(=2) | then a;;(w) monotonically decreases for w € (w},1)
and any i > 2 and i even.

Proof. We prove this by induction. Note that by the definition of w, we have n? =
(611og %)71
When ¢ = 2,
(2 — w)%6; log 1

az1(w) = A—w?)

aby (w) = m <—2(1—w2)log;+(2—w) <2wlog;+w— ;)) :

Consider z(w) = 2wlog L + w — L, then z(1) = 0 and 2'(w) = ﬁ +2logl —1 > 0 for
€ (0,1). So z(w) < 0 for w € (0,1). As a result, ay (w) < 0 for w € (0,1). Note that

w3 = 0. We denote for simplicity m,(w) := Z; ((—w)id [; ﬂ ,jP. Suppose the statement

holds for some even %, then for i + 2, by repeatedly applying Lemma A. 3, we obtain
mit21(w) = (1+ w”l)(l — wi)mil(w) + (iwi(l —w)+ (1+ wi)(2 — w“‘l)) mio(w).
We consider, by using Lemma A.1(d),

trra1(w) = Mi+2,1(w)
i+2,1 Y o
ny/ 11, (1 — w?F)

(14wt — w)ma (w)
ny/(1— w2 (1 — w200) [T} (1 - w2k
+mi0(w) (iw'(1 —w) + (1 +w')(2 - w'))

n /HH—I( k)
1—’UJZ witl
- \/7\/ +wi+1§

14—wZ

N \/72111 )+ (1 +w?)(2 - w'th)

n\/ 1 — w2 (1 — w2(i+D))
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\/ (1 — wh)(1 4+ witl)
azl -

14+ w')(1 —with)

w1 —w) 4+ (1 4+w") (1 —wt) + (1 + w)
n(1+wi)(1 — witl)

1 _ wz wi+1)
aZl 1
(1 4+ w')(1 —with)
w? 1\/0i12,0 n v/ Ai+2.0 n A/ Ai+2.0

+;(1+wi)(1+w—|—~-—i—wi) n n(l — witl)

=1 (w) + a(w) + Is(w) + L1(w).

+ a¢+2,0(w)

Now we show the monotonicity for each I;(w), i =1,...,4. First,

Ii(w) = Van(w) fi(w),

where f;(w) is defined in (A.3). Ij(w) monotonically decreases for w > w; by the induction
hypothesis and the fact that f;(w) decreases (proved in Lemma A 5) Second, Is(w) mono-
tonically decreases for w > wj, 5 by Lemma A.5 and the fact that < wi 7 monotonically decreases

1 .
for w > wj, 5, = e 2, which follows from

w21

: 1
_ 2
5 = 01w log o

n
d ; 1 , 1
— <w2l log > = w* 1 (2ilog— —1) <0
dw w w

S w > e‘i.

Third, I3(w) monotonically decreases for w € (0,1) by Lemma A.5. Finally,

14(“)) _ \/a’l‘i’l,O( w ) . V 1+1,0

n(1 — wH)VT+wtl /1 — 26+

where ;110 monotonically decreases for w € (0,1) by Lemma A.5. Then we show that
n?(1 — w?*t1)) monotonically increases over (0,1) as follows:

2(i+1
n2(1 — w2i+D) = 1—“)7()7
01 log i
1 — 20+ 1 . . 1
d w : _ - 1 — 26+ _ 20 + 1)w2(z+1) log = ),
dw log - wlog® ;- w

letting t(w) = 1—w?(*+D —2(i+1)wX+Dlog L then t(1) = 0 and ' (w) = —(2i+2)?w?*!log 1
< 0 for w € (0,1), so we have t(w) > 0 for w € (0,1). So I4(w) monotonically decreases for
€ (0,1). As a result, we conclude that a;y21(w) monotonically decreases for w > wy,,. W
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A.1. Proof of Proposition 2.1. With Lemma A.4, we can cancel some factors to obtain

i el )2 2, (w) .
(ijl(_“’) 15 wsz) _ ) o i i =podd,
n? Tz (1 — w?)

g2, (w) (1= w)
(=0 T 24 (w)’

1 — p even,

where z;(w) = (1 4+ wF)(1 +w + - - - + wk~1).
Note that
(1—w)n? —1/6,

as n — 0o. Then we have

13,0008
= i =)

l 1 — p odd,
P —
0, 1 — p even,

which equals the right-hand side of (2.5) by using Lemma A.4.

A.2. Proof of Lemma 2.2. When i — p is odd, by Stirling’s approximation, as i — oo,
we have

(i = ()8
2Tm(i - p— ()

\/5#’%011”
T 20

Since Y2, iP~1/2 = 5o for all p > 0, by Lemma A.2, as n — oo, we have

~

Lip

n =351

Z lip = Z lpyor—1p
i=p+1 k=1
& 3 arpter
Stat
T 2P
k=1
n—p

1o 5571
2207200 |
~ = P—3
e DI
k=1
1
—30P
N 220724 11 (n—p)p+%
T 2 (ptg3) 2
np+%9f

V2m2P(p + 3)

and Lemma 2.2 follows.
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A.3. Proof of Theorem 2.3. Let s(x) = l_mw

monotonically decreases for > 0. The series expansion is s(z) =

“ for some w € (0, 1)

1 1 lr (911712)l for

Note that s(x)

w = 6*1/91"2. Then
— (D' @2k = 2k — 1)
s(2k — 1) — s(2k) =) T i
=1 1
1 (2k)H— 2k —1)2!
S Z 2 |( ) (41 )
— 0 (21)! n
1 20(* Y (2k)2?
< 20 | 41
— 07 (20)! n
io: 1 (2]{;)21_2
- — 021 nAl
162 o (2k)% 2
< /07 Z —

where the second inequality comes from the binomial expansion.

Referring back to Definition 3.1, since, when n is odd, (n—1)!! = 2°
(n—1)!N(n — 2)!!, we have

SO

and

(A.4)

anO(w) _ ﬁ[
- Ll g2kt

7 (%51) and (n—1)! =

(n-1! _
gn-1(nzl)?  (n—

an =

n—1

2 l+w? s 21<:-1 H

k=1 k=1

n—1
ano(w) 2 < s(2k—1) — 5(214:))
= log | 1+
o =% 5(2k)
n—1
- L s(2k — 1) — s(2k)
Bt s(n—1)
n—1
el/07 2 X (2]{)2172
<
~s(n—1) &= ; n#
el/07 2 " (2]{:)2172
~s(n—1) Z ni



166 WANTING XU AND MICHAEL L. STEIN

el/07 22 p2-1

= s(n—1) Z nn4l

e1/67 n2
- s(n—1)n3(n? —1)
1 e1/02

B GRS E

as n — oo, since (1 —w™ Hn — 1/6; as n — oc.
By Lemma A.5, a’}oi(q“”) > 1 for n > 1, and combined with (A.4), we obtain that for n odd,

n0

ano(w
no(w) —1
an
as n — oo. For n even,
1—wn ! 1

ano(w) = an—1,0(w) ln-10

1+w—L " 20n

as n — oo.
As a result, denoting w; =€

(A.5) Z aig(wi) ~ Z lio + Z 2911ili0 ~ Z Lio.
=1 =1 =1 i=1

Lemma A.5 implies

(A.G) Zlio S Zaio(w) S Zaio(wi).
=1 =1 i=1

Combining (A.5) and (A.6), we have

—1/,i2
1/017% e have, as n — oo,

A 1 — 2 1
0 n ;:1 azO(w) n ;:1 i0 - \/ﬁ?

where the last asymptotic equivalence is obtained by taking p = 0 in Lemma 2.2.
A.4. Proof of Theorem 2.4. Since there exists N(6;) such that for any n > N(6;),

1 1
e 2(n-2) <e 01n2 =w,

with Lemma A.6, for any n > N(6;),
w > wp > w;

for any 2 < i <n and 7 even.
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As a result,

then

Theorem 2.4 follows by taking limit infimum on both sides of the above inequality and setting
p =1 in Lemma 2.2.

A.5. Proof of Proposition 2.6. For convenience, consider n to be even in the subsequent
proof. The arguments only need to be slightly modified for n odd. Denote k as the index of
the first nonzero element in the observations, then k¥ = n/2 + 1 and f(k/n) = g(1/n). The
observations are z = (0,...,0,g(1/n),...,9(1/2)). Denote the (k, k)th element of the inverse

Cholesky factor by C(_k’lk). Referring back to (2.3) gives

1 n
o = - Z ||Oilz||2
i=1

(A7) > % (0(;3}@9(1/71))2
g*(1/n)
n [T (1 - w?)

Let L = p + 1, then for all n sufficiently large,

k—1 L
(A.8) [T —w*) <JJ-w®).
=1 =1

Since w = e!/(17%) Hle(l —w?) ~ 2" a5 n — co. Combining (A.7) and (A.8) gives

0Fn2L
6 2(1/n)n2p
lim inf -2 > lim inf g (L/n)n
n—oo n n—o0 n2p+2 Hl:l(l _ w2l)
ofc
=arp

A.6. Proof of a statement in section 2. We state and prove the following proposition.

Proposition A.7. With the exponential covariance function Cov(f(x), f(y)) = Ope~1#—¥/01,

if the observations are z = (f(%), f(2),..., f(1))T for some f having a bounded second deriva-

n n
tive on [0, 1], then as n — oo,

A 1

o ~ ﬁf(O)Q‘i‘ !

291n

1
/0 (f(a) + 00f'(2))? da.
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Proof. Denote the correlation matrix as R and its Cholesky decomposition as R = CCT
for some C' lower triangular, then R;; = pli=3l where p = e71/"%1 The Cholesky and inverse
Cholesky factors are

1
p V1=p? 0
p2 1—P2

C= p V1-p? ,
_pn—l pn—2 1— ,02 pn—3 /1 — p2 o \/m_
V1= p? 0
ol 1 —p 1
1— p?
0 —p 1
S0
bp= —2zTR71z = —||C 12|
n
-1
L 1 (F@) = erEh)
=2/ e
i=2 P
A Taylor expansion gives that for some z; € (%1, %), 2<j<n,
(A.9)

()22 (52 s (59 )
BRI N I NS
_Gln(n)+nf(n>+rz2’

where |a,| < a = 1/(20%) and

rin = f"(zj) — anf (‘7;1> .

1], f(z) and f'(z) are continuous and bounded on [0, 1]. Denote
| ()|}, then

|Tjn| < A+ Aa.

Since f”(z) is bounded on

[0
A = sup,epo) {[f(2)], [ f'(2)

9

(A.9) gives that

B0 - () B (5 () - 5
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where as n — oo,

5 (o (5) 3 () -2 G (5) = (5)
ok G ) (7)) o

since the integrand is continuous so the sum converges to the corresponding Riemann integral,

|
SEE
INgE
SE
A/~
>
S

and

Z?:Q sz'n < A2 (1 + Oé)2

n4 - n3 ’

"2 (1 (i1 1,(i—1 " 2lrjn| (A A
P < — < < N —
Z n? <01nf< n >+nf( n )) _Z n? 91n+n

7j=2 7j=2
2A2 (1 +a) 1
14—
<20 ( +91)

As a result, as n — oo,

() ()~ G ()2 (5)) o

Jj=2

together with p = e~Voin 1 _ p*~ elln complete the proof. |
A.7. Proof of Proposition 3.2. First of all, we prove the following lemma that is used

frequently in the subsequent proofs.

Lemma A8. For0<p<m-—1andm>1,
(@) So(-1) (1) =0,
(b) YZo(=D)! ()™ = (=1)™m!

Proof. The Stirling numbers of the second kind can be expressed as the sum [5]:

S(m, k) = ;g(—ui (f) (e — i)™,

Lemma A.8 follows from S(m,m) =1 and S(p,m) =0 for 0 < p < m. [ ]

For convenience we write R;(01,n) = R, and D(0;,n) = D,,. Since both R,, and D,, are
nested, we use induction to prove the proposition. First of all, when n =1, Ry = D1 = 1.
Suppose Proposition 3.2 is true for n, i.e., DI D, R, = I,,, then for n + 1, partition R, 1 and
Dy as

R, T'n+1

Rn—i—l =
. T
Tne1 Bogingr
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D= " Dt
L ngrl Dn+1,n+1
then .
DD, R, +d,+14, C
D£+1Dn+an+1 = [ n D7;+?n+112:1 " BZ } ;
where

An = dz;_HRn + Dn+1,n+17"3;+17
B, = Dn+1,n+1 (d5+17‘n+1 + Dn+1,n+1Rn+1,n+1)7
Cn = DEDyrpi1 + dn1dl 1 rns1 + dnst Dot net Rt i -
Here we claim that A, = 07, B, = 1, and C,, = 0 so that along with the induction

hypothesis, we have
D?;+1Dn+1Rn+1 = In+41-

(a) Proof of A, = 0T: note that if n and j are of the same parity, then (d2, R,); =
(rnt1); = 0, so we have that the jth element of A, is 0. If n and j are of different
parities,

i+J

L Va2 (it - 3=t
j—=1
1=1,(i+j)even 912 (7, — 1)'(Tl +1-— 7,)”
2T () (4 j - 2!
g .
0, Vn!

(i) If n odd, j even, and j < n, applying Lemma A.8 and making the change of
variable [ = 5 — 1 gives

(d:rc-s-an)j =

I

—(Dnsins1Tns1)j = —

(L 1 Ra); = (2/60)7 (—~1)3Vnl

n—l_l j—2

3 20+ 1) 2
x D ()T (21+1()!(n—)1—2l)!! [] @+ 2m+1)

=0 m=
TR Y T otk o
- ey l; ( 1)( z >£1(2z+2 +1)
_2/0)'F ()il
27 (234!
x i(—l)l(?l : @2l +2m+1) — (-1)"7 f[(n+2m)
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ji—2

_ <2/91>U<—1)W(7L_\/771!)”£1<n+ 2m)
_ (260’7 (—1) g s 20

Vn!

= _(Dn+17n+1rn+1)j-

(ii) If n even, j odd, and j < n, similarly, applying the change of variable [ = 5t

. 2
gives
i 571 NS
(dhp1Rn)j = V= (2/01)22721 ((;)1')2\/7? Z(—l)l (?) H (2L +2m —1)
2/ =0 m=1

= (Dn+1 n+1rn+1)j

(b) Proof of B,, = 1: (3.1) gives

n ( 1)TL+1+ n+21+i

TZ—&—ldn-i-l = Z (2/61)7 Vn!

i=1,(n+i)odd

(n+i—2)!
(=D n+1-0!

(i) If n odd, applying the change of variable | = § — 1 and using Lemma A.8,

T
rn+1dn+1
n+l4d |

n (1) 2 (1—1)!!H:f(i+2m—1)
= (2/61)% Vil ERICESEI

n—1__ n—1

L 2 1 1\ 2
= (2/61)2Vnl(-1)"T > (21111))!(5?_4“11_)”20” H(2l+2m+1)

Rt S | n—1
n 1 n—1 T3 D)
_ (/62 Vnl(-1) Y - (20 +2m + 1)
o=l p1 |
272 ("57) 1=0 m=1
_ 2/0)EVal-)T
ﬁl(%l)‘
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- - Dn+1,n+1Rn+1,n+1'
Dn+17n+1

(ii) If n even, similarly, applying the change of variable [ = % gives

T dy _ (2/0):Vnl(-1) —1)i( 2 20 +2m — 1
i = RS S () T )
(2/003Val(-DF [ aom .
- (<2>2<2>'<1>2y1<n+2m1>
:(2/91)’5\/75—(2\//9%)3(2 — 1)
= Dn+11n+1 - Dn+1,n+1Rn+1,n+1-

(¢) Proof of C;, = 0:

RZCn = Tpns1+ RgdnJrl(dz;.FlrnJrl + Dn+1,n+1Rn+1,n+1)
By,

T
=rpe1+ Ry dn+1D711
n+1,n+

1
= Dill(Dn+1,n+17"n+l + Rl dyiq)
n+1l,n+
_ b g7
Dn+1,n+1 "
=0.

Since R, is nonsingular, C,, = 0.

A.8. Proof of a statement in section 3. We state and prove the following proposition.
Proposition A.9. If{R,} is a sequence of nested positive definite matrices and we let R’ =
DI'D,, be the reverse Cholesky decomposition of R\, then {D,} is nested.

Proof. Letting R, = C,CL be the Cholesky decomposition of R, then D,, = C; ! since
R;' = DI'D,, and D, is lower triangular as required. Since {R,} is nested, by construction
of the Cholesky decompostion, C), is a nested sequence of lower triangular matrices. By
inspection of the relationship D, C, = I, when both D,, and C,, are lower triangular, it is
apparent that {D,,} is a nested sequence of matrices. |
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A.9. Proof of Theorem 3.3. Consider k£ > i and k + i is even (so that k — i is also even
and di; # 0). By Stirling’s approximation, as k — oo,

2 (k—1)!
S 2/00) (- DY (ki)
(k —1)!
(/00 (i — 122k (B
N 0! 2r(k — 1)(E= )'f—l
((i—1))? 261 m(k— ><’“7>
9i—1 2 1 k— z —1 i—1 t—1 b

\/5 ki—ﬁei—l

T2 (i = 1))

Since f(z) = 2P, the nth order derivatives when xz = 0 are all 0 except for n = p, when it is
pl. As n — oo,

A 1
b = ~ 1D (01, n)z]
P)?
- n Zd%,pﬂ
k=1
| *z2]
(p)?
= n Z d +14-2k,p+1
k=0
n—p
2

2r(p!)?

Va2 e+ )
nP éﬂzf
V2r2e(p + 1)’

where the first asymptotic equivalence follows from Lemma A.2.
A.10. Proof of a statement in section 4. We state and prove the following proposition.

Proposition A.10. For some m > 1, consider a (2m — 1) x (2m — 1) regular grid on [0, 1] x
[0,1]. Observations z are taken on the m x m reqular subgrid. When m = 12, the setup is
shown in Figure 3. Denote p; j as the predictand at location (i,7) for some j odd, and p;; as
the EBLP defined in (4.7), then

A~

- T
Dij = v; (02)z(j71)m+lzjma
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where v;f(ég) = Tj(éQ)R_l(ég,m) for some r; (63) € RY*™ depending only on 0. That is, Di,j
only depends on observations on the jth column of the grid, and the range parameter estimate
along columns.

Proof. Note that the covariance of p; ; and the observations z is
Cov (pi,ja ZT) = éoR(él, m)jy, &® Tj (ég),

where R(6;, m);.. is the jth row of R(f1,m) and r;(fz) is the correlation of p; ; and observations
on the jth column. Then we have

pij = Cov (pm-, zT) Cov (z, z

where e; is the jth standard base and va(ég) = r;(02) R (62, m). [ ]
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